We study a recently proposed quantum dimer model for the pseudogap metal state of the cuprates.
I. INTRODUCTION
A recent paper [1] has proposed a simple quantum dimer model for the pseudogap metal state of the hole-doped cuprates. The objective of this model is to describe a metal with electronlike quasiparticles, carrying spin-1/2 and charge e but with a Fermi volume which violates the Luttinger theorem for a Fermi liquid (FL). In particular, doping a density of p holes away from a half-filled insulator should yield, in Fermi liquid theory, a hole Fermi surface of size 1 + p. Indeed, just such a Fermi surface is observed at large p [2] . However, for p ≈ 0.1, in the pseudogap metals, many physical properties are well described by a model of electronlike quasiparticles with a Fermi surface of size p [3] . Such a Fermi surface can be obtained in a "fractionalized Fermi liquid" (FL*) [4, 5] . The model of Ref. [1] was designed to yield a FL* state with a Fermi surface of size p using ingredients that are appropriate for a single-band model of cuprate physics.
Our paper will present density matrix renormalization group (DMRG) results on the dimer model. The exact diagonalization results in Ref. [1] were limited to a lattice size of 8 × 8 and a single fermionic dimer. Here we study significantly larger systems with up to eight fermions and obtain results on the density distribution of the fermionic dimers and the entanglement entropy.
As we shall see below, all of our results are consistent with the appearance of a FL* metal in this dimer model.
II. MODEL AND DMRG SETUP
The quantum dimer model of Ref. [1] has bosonic dimers and spin-1/2 fermionic dimers, which close pack a square lattice with an even number of sites (see Fig. 1 ). The bosonic sector of this model is identical to that of the original study of Rokhsar and Kivelson (RK) [6] , with a potential and resonating term for dimers within a plaquette. In addition, fermionic dimers may move via hopping terms whose form will be specified below. Interaction between the fermionic dimers can, in principle, be present but is not expected to be important when the density of fermions is low;
we will not include fermion-fermion interactions here. 
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The terms we have not explicitly written down are connected to the previous term through a symmetry transformation of the square lattice. H RK is the pure bosonic sector mentioned above; J is the coupling for the resonant term, and V is the coupling for the potential term. H 1 contains the hopping terms of the fermionic dimers; t 1 , t 2 , and t 3 correspond to three distinct types of hoppings.
In the absence of the fermions, the undoped dimer model has an exactly solvable point (the RK point) at V = J, with a spin-liquid ground state given by the equal superposition state of all allowed D i dimer configurations [6] . But away from this point, bipartite dimer models are described by a dual compact U(1) gauge theory [7] and have been argued to have only confining valence-bond solid ground states [8] [9] [10] . Adding a finite density of fermions is not expected to change the basic structure of the bosonic dimer model, apart from modifying their short-distance effective action [11] . However, the confinement length scale is large near the RK point and at small fermion density, and a spin-liquid U(1)-FL* state should be effectively realized when the confinement scale is larger than the system size. We study such a regime in the present paper, and for our system sizes, our results are consistent with deconfinement. We expect such results to apply to the higher-temperature pseudogap in the cuprates, where a thermal scale cuts off the crossover to confinement. At lower temperature, there will be a crossover to confinement and translational symmetry breaking, as has been discussed in recent work [11] . Alternatively, deconfinement can survive in quantum dimer models without a sublattice structure [12] with Z 2 topological order, but we will not consider such dimer models here.
In our DMRG calculation, we consider a lattice with geometry of a finite cylinder. The circum-ference of the cylinder consists of four lattice sites, and the length of the cylinder is up to 32 sites.
In the second part of this paper, we also compute entanglement entropies in a 64 × 2 cylinder to observe one-dimensional effects. We repeat our calculation in different fermionic dimer densities, from one to eight fermionic dimers. Note that in our lattice configuration, eight fermionic dimers correspond to 1/16 doping in the typical cuprate phase diagram. We use two sets of parameters for the couplings in Eq. (2.2). One is the parameters which are relevant to the physical model for the cuprates in the pseudogap regime: t 1 = −1.05J, t 2 = 1.95J, and t 3 = −0.6J, near the RK point (V = 0.9J). The other is the parameter which we choose for comparison:
also with V = 0.9J. The single-fermion study in Ref. [1] suggests the different hopping parameters change the dispersion of the fermionic dimer: the Fermi surface consists of four hole pockets near (±π/2, ±π/2) in the former parameter regime and a single Fermi surface centered at (0, 0) in the latter. We will confirm this behavior in our DMRG calculation below, while studying a multiple-fermion system.
The fact that we are interested in observing the hole pockets is closely related to the reason we chose the circumference as a four-lattice site for the first part of our calculation. The center of the four hole pockets is at k ∼ (±π/2, ±π/2), and the minimum number of sites in the y direction needed to get information about k y = ±π/2 is four. This is why we could not choose two sites in the circumference when our focus is on the fermion dispersion. Later, when we concentrate on the one-dimensional scaling properties of the entanglement entropies, we study the case of a cylinder of two sites along the circumference, which allows us to calculate much longer system. Now we comment on the topological sectors of the Hamiltonian. The Hilbert space we are considering consists of closely packed configurations of dimers. For each configuration, we can define an integer quantity
for any 1 ≤ i y ≤ N y , where N x (N y ) is the number of sites in the x (y) direction and the spin α is implicitly summed. One can observe that every term in Eq. (2.2) preserves this quantity, so the possible configurations of the dimers spanning the Hilbert space can be divided into different sectors with different values of w x . The integer w x is the topological winding number associated with loops in the transition graph that circles the x axis, similar to that of the RK model on a torus [6] . The integer w y can be defined in an analogous manner, but it is not meaningful since we do not have periodic boundary conditions in the x direction. In principle, we would like to restrict ourselves to the zero-winding-number sector, w x = 0. Right at the RK point, J = V, each topological sector has a unique ground state with zero energy, which is an equal superposition of all configurations [6] . Since the number of configurations is largest at w x = 0, sectors with a large absolute value of w x have lower entanglement and will be preferred by DMRG. One way of imposing the w x = 0 condition is to add a potential term proportional to w 2 x to the Hamiltonian at the price of more computation. Another method is to tune V to be slightly smaller than J and penalize states moving away from w x = 0. In this case, the amount of computation is similar to that without the constraint because we do not add any additional terms to the Hamiltonian. However, we have to choose an optimal value for the V/J. We adopt the latter method since moving away from the fine-tuned RK point is beneficial for us, and in all of our calculations, we have used V = 0.9J. The confinement length scales are large enough at this coupling that we do not observe valence-bond solid order, even in the undoped case.
Each bond in the square lattice can have four states: occupied by a bosonic dimer, occupied by a spin-up or -down fermionic dimer, or empty. As mentioned previously, one useful observation is that the quantum numbers of the bonds are the same as the quantum numbers of the sites in a spin-half fermion model, with the bosonic dimer occupied state corresponding to the filled (spinup and -down) state. Therefore we can map our dimer model to a fermionic Hubbard model on the links, with dimer constraints. The dimer constraint is to ensure each site is part of only one dimer, and this is achieved in our DMRG as an additional potential term. We use a potential of ∼ 20J to penalize overlapping dimers.
All DMRG calculations in this paper were performed with the ITensor library [13] . We kept up to ∼ 600 states to keep the truncation error per step to ∼ 10 −8 .
III. DENSITY MODULATION
Now we show the results of the DMRG calculations where we can observe the change in dispersions with different hopping parameters, especially the existence of a dispersion with Fermi pockets centered near k = (±π/2, ±π/2). Extracting momentum information from DMRG is not trivial since it is a real-space calculation. (For few fermions, one can use techniques used in
Ref. [14] to achieve this. Also, there are more recent schemes for DMRG in mixed real and momentum space proposed in Ref. [15] .) However, we may observe Friedel oscillations from the open boundaries of our system, and these will reveal information of the fermionic dimer's 
In (a), one can observe the density oscillation with a period of roughly two lattice sites, which corresponds to crystal momenta of π/2. Note that the Hilbert space is a closely packed dimer configuration, and sites without fermionic dimers are occupied by bosonic dimers.
momentum in the cylinder direction.
First, we check whether the Friedel oscillation observed in the case of a single fermionic dimer is consistent with Ref. [1] . Figure 2 is the density profile of the fermionic dimers when a single fermionic dimer is present among bosonic dimers on a 16 × 4 lattice for the two parameter sets we use. From Fig. 2(a) , which is the parameter set expected to have hole pockets, we can observe an oscillation of the profile starting from the open boundary to the x direction. This is especially clear when looking at the vertical dimers. The period of the oscillation is roughly two lattice sites. Since the Friedel oscillation has a wave vector of 2k F , this indicates that the fermionic dimer in the ground state has a crystal momentum of k x ∼ π/2. This fact is consistent with the exact diagonalization study in Ref. [1] , which found the energy minima of the single-fermion spectrum to be near k = (π/2, π/2). On the other hand, Fig. 2 Note that Fig. 2(a) seems to break the translation symmetry in the y direction. However, this is just a spontaneous symmetry breaking between the two degenerate ground states, one being Fig. 2(a) and the other being Fig. 2(a) translated by one lattice site in the y direction. One can check this by computing the ground state several times and obtaining both states or by adding a small perturbation acting as a chemical potential on vertical bonds with a particular y coordinate and observing the absence of the symmetry. The fact that Fig. 2(b) does not break the symmetry is also in accordance with our claim. Since the state of Fig. 2(b) has only one Fermi surface centered at k = (0, 0), there is no degeneracy in the ground state.
We would like to study the Friedel oscillation more quantitatively and verify whether this feature survives when we increase the number of fermionic dimers n. We keep the lattice size as 32×4
and increase n up to 8, which corresponds to 1/16 doping. Since the "defects" of the system are the open boundaries, the Friedel oscillation is in the cylinder direction. From the density profile ρ(x, y), we define ρ x (x) = y ρ(x, y) and perform Fourier transformation. The result is shown in Fig. 3 . Note that we have normalized the data by 1/n, and the magnitude-1 peak at k x = 0 indicates the total density is n. Other than the k x = 0 peak, we can observe that there is a peak at k x = 7π/8 in n = 1, 3, 4, 5 in Fig. 3(a) , where the parameter set used is the same as in Fig. 2(a) . This peak is due to the Friedel oscillation and indicates that k x = 7π/16 at the Fermi level. Reference [1] showed the energy minimum is at k = (q, q) for q slightly less than π/2, and this is in good agreement with our result. Based on experiments and previous works, one can argue the energy minimum should be either at the origin [ k = (0, 0)] or along the diagonal [ k = (q, q)]. Therefore, we can conclude the dispersion of the dimer model in our cylinder will have a minimum at k = (7π/16, π/2), and in the large system limit this will converge to a diagonal point k = (q, q) with 7π/16 ≤ q ≤ π/2.
Moreover, from n = 7, 8 data in Fig. 3(a) , we can observe the expansion of the Fermi surface as we increase the fermionic dimer density. The new peak at k x = 13π/16 indicates that the Friedel oscillation is now from the new Fermi level at k x = 13π/32.
For Fig. 3(b) , which uses the same parameter set as Fig. 2(b) , there is no peak at k x = 7π/8 for any n. This is in accordance with our expectation that the state has a dispersion minimum at k = (0, 0) and also with the qualitative result we have seen in Fig. 2(b) . There is a signal at k x = π;
however, the origin of this signal is not the Friedel oscillation. Figure 4 shows the density of the fermionic dimer as a function of x. The plotted one-dimensional density ρ(x) = y ρ(x, y) is the Fourier transform of ρ(k x ), which is the quantity plotted in Fig. 3 . vector of π and is the reason for the signal at k x = π in Fig. 3(b) . Although the precise reason for this oscillation is unclear, we can clearly see that this modulation is present throughout the bulk and the signal at k x = π does not indicate Friedel oscillation from k F = π/2: it appears to be simply a lattice commensuration effect.
Note that we have not included the data obtained for n with mod (n, 4) = 2. The calculations with such n had a stronger tendency towards the w x 0 topological sector, and we had to decrease V further to keep the state in the w x = 0 sector. (For n = 2, we needed V < 0.8.) This seems to be an artifact of our system, which is effectively one-dimensional and can have only four values of k y .
IV. ENTANGLEMENT ENTROPY
We present the result for the computation of Rényi entropy to gain more information about the ground state of the dimer model. First, recall the definition of the αth Rényi entanglement entropy:
Here, ρ A is the reduced density matrix of partition A, i.e., ρ A = Tr B ρ, where A ∪ B is the total system. Note that the αth Rényi entropy becomes the von Neumann entropy in the α → 1 limit. In a one-dimensional gapless system, conformal field theory (CFT) has a result for the scaling of the Rényi entropy [16, 17] :
This is the case for a finite system of length L with open boundary conditions, divided into two pieces, where the length of one piece is l. g is the boundary entropy [18] , and c α is a nonuniversal constant. Considering our system to be quasi-one-dimensional, we can extract the central charge c of the system from this equation. For the entanglement entropy calculation, we consider both 32 × 4 and 64 × 2 cylinders to see any scaling behavior as the system approaches one dimension.
We partition the system into two cylinders, each of length l and L − l in the context of Eq. We reproduced the data of Fig. 11 in Ref. [19] to compare with the behavior of the entanglement entropy of our own system of fermionic and bosonic dimers. Figure 7 shows the fermionic contribution ∆S 1 of the entanglement entropy. This is obtained by subtracting the entanglement entropy of n = 0, which was shown in Fig. 5 to be due to a c = 1 boson field. To compare with the case of Lifshitz transition, we also subtract the entanglement entropy of the system with only one large band occupied, which is t = 0.50 in the specific model, from the system with one (three) state(s) occupied in the new band, corresponding to t = 0.51 (0.53); in this case, the gapless fermions from the occupied large band contribute as a c = 1 field. As seen in Fig. 7 , ∆S 1 for n = 1 is nearly identical to the corresponding entanglement entropy for the Lifshitz transition for free fermions with two different lattice sizes. For n = 3, the value of ∆S 1 decreases slightly as the length of the system decreases, but the qualitative features remain the same. Note that in these data, only the total length of the system was scaled to unity.
The above results provide strong evidence that the dimer model can be viewed as two approximately independent systems: a background c = 1 boson corresponding to the resonance between the dimers (both blue and green [11] ) and a dilute gas (of density p) of free fermions. These are precisely the characteristics of the FL* state, which has an emergent gauge field (represented here by the c = 1 boson) and a Fermi surface of electronlike quasiparticles.
V. OUTLOOK
The combination of our results on the density distribution and the entanglement entropy confirms the expected appearance of a FL* state in the dimer model of Ref. [1] . By general arguments [5, 20] , the violation of the Luttinger theorem for a Fermi liquid requires that the emergent gauge fields appear in the spectrum of the theory. Our results on the entanglement entropy in a quasione-dimensional geometry are in accordance with this requirement, showing a background c = 1 boson that is expected from the gauge theory of the dimer model [7, 8] ; the boson represents the modes associated with the "resonance" between the dimers around a plaquette. Above this gauge field background, we obtained evidence of a gas of nearly free fermions of density p, both in the density modulations and in the entanglement entropy: in particular, the fermionic contribution to the entanglement entropy closely matched that of a dilute gas of free fermions near the bottom of a quadratically dispersing band.
We can extend our calculation to wider systems, which can reveal the properties of the model in two dimensions and also provide us with a better momentum resolution in the k y direction. With the off-diagonal measurement between different particle number states on these wider cylinders [14] , we can measure Fermi surface and quasiparticle residue with good resolution. Another possible approach is to use the recent proposal of DMRG in mixed real and momentum space [15] . With this method we will be able to determine k y more directly, which can be complimentary to the off-diagonal measurements. Moreover, Ref. [15] claims the computation time is reduced by more than an order of magnitude, so this may allow us to include even more sites in the y direction (in this case, equivalently, more k y points), resulting in better k y resolution. Moreover, dynamical
